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Abstract. Differential graded algebra invariants are constructed for 
Legendrian links in the 1-jet space of the circle. In parallel to the 
theory for R 3 , Poincare-Chekanov polynomials and characteristic al- 
gebras can be associated to such links. The theory is applied to dis- 
tinguish various knots, as well as links that are closures of Legendrian 
versions of rational tangles. For a large number of two-component links, 
the Poincare-Chekanov polynomials agree with the polynomials defined 
through the theory of generating functions. Examples are given of knots 
and links which differ by an even number of horizontal Hypes that have 
the same polynomials but distinct characteristic algebras. Results ob- 
tainable from a Legendrian satellite construction are compared to results 
obtainable from the DGA and generating function techniques. 



1. Introduction 

In the late 1990's, there were some breakthrough ideas for construct- 
ing new invariants of Legendrian links in M 3 . These invariants came from 
adapting the techniques of pseudoholomorphic curves, a powerful tool in 
the study of symplectic manifolds, to the setting of contact manifolds, via 
contact homology |EGH| . Combinatorial ways of calculating these "holo- 
morphic" invariants were developed from both the Lagrangian and the front 
projections of a Legendrian link |Chl IENS1 |Ngl| . 

In this paper, the focus will be to study links in the 1-jet space of the 
circle, l 7 1 (5' 1 ), a manifold diffeomorphic to the solid torus S 1 xl 2 : 

J^S 1 ) = T^S 1 ) xl = {(x, y,z) : x£ S 1 , y,z£ M}, 

with contact structure given by £ = ker(cte — y dx). Viewing S 1 as a quotient 
of the unit interval, S 1 = [0, l]/(0 ~ 1), we can visualize knots in l 7 1 (5' 1 ) as 
quotients of arcs in / x M? with appropriate boundary conditions. 

Links in were examined by one of the authors using the technique 

of generating functions, |Trj . In this paper holomorphic techniques are devel- 
oped to study these and other links. In Sectional the theory underlying the 
holomorphic invariants is developed. Given the "Lagrangian" xy-projection 
of a Legendrian link in l 7 1 (S' 1 ), it is possible to combinatorially define the 
Chekanov-Eliashberg differential graded algebra (DGA) over Z2, in a man- 
ner exactly following the definition in M 3 from |Chj . However, as in R 3 , it is 
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often more convenient to work in the "front" xz-projection rather than the 
Lagrangian xy-projection. To do this, we introduce a suitable modification 
of the resolution technique for M 3 from Ngl , which produces a Lagrangian 



projection from a front projection. Using this resolution, and in parallel to 
the M 3 theory, we can associate to Legendrian links in invariants 
such as Poincare-Chekanov polynomials, which measure the homology of a 
linearized version of the Chekanov-Eliashberg DGA, and characteristic al- 
gebras, which measure some nonlinear information from the DGA. We also 
make use of the additional structure on the DGA provided by Mishachev's 
homotopy splitting, |Mij . For multi-component links, this results in split 
Poincare-Chekanov polynomials and split characteristic algebras. 

Natural knot candidates for study with this technique are formed by iden- 
tifying the ends of long Legendrian knots in M 3 . Figure Q shows two distinct 
Legendrian knots that are similar in spirit to Chekanov's 62 examples. These 
can be distinguished by the Poincare-Chekanov polynomials. More exam- 
ples of this sort are explored in Section £3 



Figure 1. Closures of long knot versions of Chekanov's 5 2 
knots. These can be distinguished by the Poincare-Chekanov 
polynomials. 

Some natural link candidates for study are the families of links studied in 
|Tr j . Such links can be specified by a vector of the form 

(2h n ,v n ^ 1 ,2h p n n S 1 \...,2h p 2 2 ,v 1 ,2h Pl ), h n ,v n ^,...,h 2 , Vl > 1, ht >0, 

and pi e{0, . . . , 2hi} for i £ {1, . . . , n — 1}. 

These links can be seen as quotients of Legendrian versions of even parity 
rational tangles defined by Conway in jCoj . The superscripts denote a link 
obtained by "horizontal flypes" of a standard configuration. In Section 0J 
the Poincare-Chekanov polynomials of these links are calculated. There 
is a striking parallel between the split Poincare-Chekanov polynomials de- 
fined via the holomorphic technique and the signed polynomials defined via 
the generating function technique: after a change of variables, the positive 
Poincare-Chekanov polynomial agrees with the negative generating function 
polynomial, see Remark I4.HI This gives evidence for the following principle, 
which seems to hold for other contact manifolds as well: 

The following two Legendrian-isotopy invariants contain the same informa- 
tion, when defined: 
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• Morse-theoretic Poincare polynomials obtained from generating func- 
tions; 

• first-order Poincare- Chekanov polynomials obtained from holomor- 
phic curves and contact homology. 

This principle has been verified for all solid-torus links for which generating 
function polynomials have been defined. At present, this does not include 
all solid-torus links, and so there are instances in which the linearized DGA 
is applicable but generating functions are not. In addition, we will present 
an example of two links for which the generating function polynomials are 
defined and equal, but which can be distinguished by the full DGA via 
characteristic algebras. 

We now look at some concrete examples of links which can be distin- 
guished by one means or another. The first example in Figure gives topo- 
logically equivalent links that do not have the same polynomials (generating 
function or Poincare-Chekanov) and are hence not Legendrian isotopic. The 
second example gives knots of a similar flavor that can also be distinguished 
by their polynomials. This knot example solves Question 1.34 posed in |Trj . 




Figure 2. The first example gives the links (2,1,2) and 
(2, 1, 2 1 ); the second example gives the knots (2, 1, 2, 1, 1) and 
(2, 1, 2 , 1, 1). These links and knots can be distinguished by 
their polynomials. 

Theorems 14.21 and 14.51 show that the polynomials may detect the parity 
of the numbers of horizontal flypes. This raises interesting questions about 
links that differ by an even number of flypes. For example, Question 1.31 
in |Trj asks whether the Legendrian links denoted by (2, 1, 2)#(2, 1, 2) and 
(2, 1, 2 2 )#(2, 1, 2) shown in Fi gure El are isotopic. In parallel to the gener- 
ating function theory, the holomorphic polynomials of these (nonrational) 
connect sums of the form L\f^Li can be easily calculated from the polyno- 
mials of L\ and L2, see Theorem 15.11 and Remark 15 .21 Thus the polynomials 
of (2, 1,2)#(2,1,2) and (2, 1, 2 2 )#(2, 1, 2) agree. However, a calculation of 
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FIGURE 3. The Legendrian links (2, 1, 2)#(2, 1, 2) and 
(2, 1, 2 2 )#(2, 1, 2), denoted in Section |S] as £2,2 and £0,4. 
They have the same generating function/Poincare-Chekanov 
polynomials but different characteristic algebras. 



their characteristic algebras shows that these are in fact distinct; see Propo- 
sition [223 A solution to this problem raises some new interesting questions. 
For example, a slight modification of the constructions in Figure |3] produces 
the knots in Figure 0] that have tamely isomorphic DGAs. Are these knots 
isotopic? This and some related questions are posed in Section [5J 




Figure 4. Two Legendrian knots quite similar to the ex- 
amples in Figure but with isomorphic algebras. Are they 
isotopic? 



We include a short appendix which describes a technique, different from 
the DGA or generating functions, which can also distinguish Legendrian 
solid-torus links. The relevant construction, which we call a Legendrian 
satellite, constructs a link in standard contact M 3 from a link in the solid 
torus. We show that Legendrian satellites can be used to recover some of 
the results derived in this paper using the DGA or in |Trj using generat- 
ing functions, and can even be applied in cases where neither of the other 
techniques works. 

Acknowledgments. We thank the American Institute of Mathematics for 
sponsoring the contact geometry program during Fall 2000, where the ideas 
for this paper originated. We also thank the hospitality of the Institute for 
Advanced Study in 2001-2002 when further ideas were developed. 

2. Holomorphic Invariants 

2.1. The DGA invariant. As in standard contact M 3 , apart from topo- 
logical type, oriented Legendrian links in have two classical contact 
invariants, rotation number r and Thurston-Bennequin number tb. These 
are defined in precisely the same way as in M 3 ; for instance, in the "front" 
^-projection, 2r is the number of cusps oriented downwards minus the num- 
ber oriented upwards, and tb is the number of crossings, counted with the 
usual signs, minus the number of right cusps. In |Ghj . inspired by work 
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of Eliashberg and Hofer, Chekanov introduced a nonclassical invariant of 
Legendrian knots in M 3 , and we will be interested in its analogue in V 7 1 (S' 1 ). 

Given the "Lagrangian" xy-projection of a Legendrian link in V 7 1 (S' 1 ), 
we may combinatorially define the Chekanov-Eliashberg differential graded 
algebra (A, d) in a manner exactly following the definition in R 3 from Ch ( 
lENSj , All proofs translate, without changes, to solid-torus links. We 
summarize here the main results about the DGA; please refer to one of 
|Chl IENS1 Ngl for definitions of terms. 



Theorem 2.1. d 2 = 0, and d lowers degree by 1. 

Theorem 2.2. Two Legendrian-isotopic links in l 7 1 (S' 1 ) have equivalent 
DGAs. 

As will be explained in more detail below, all of the algebraic machinery 
built around DGAs, including Poincare polynomials |Ghj and characteristic 
algebras Ngl], can be applied to our setup. However, as in standard contact 
M 3 , it is often more convenient to work in the front projection rather than 
the Lagrangian projection. The following resolution technique, a slight mod- 



ification of that used in Mr in Ngl , tells us how to do the "bookkeeping" 
when working in the front projection. Using resolution, we will then define 
the Chekanov-Eliashberg DGA for fronts of Legendrian links in J7 1 (»S 1 ). 



Figure 5. A modification of the xz-projection as part of 
the resolution procedure. Since the upper strand is replaced 
by a segment of slope 1, a transition tangle segment must be 
inserted to guarantee that the tangle closes to a link. 

2.2. Resolution. To convert an xz-projected Legendrian link to an xy- 
projected link, we use resolution, as in |Ngl| . Figure El illustrates for the 
link with an xz-projection consisting of two line segments of slope zero how 
in the resolution procedure the front diagram is modified so that initially the 
upper strand has slope 1. As seen in this CclSG, Si complication not present 
in the R 3 case is that after the normal resolution procedure, in order for the 
strands to close up smoothly under the identification, a "transition" tangle 
(with no crossings) needs to be adjoined to the xz-projection. In the xy- 
projection, this translates into adjoining a topologically trivial tangle T n , 
with n strands, defined inductively as follows: T\ is the trivial tangle with 
1 strand, and T n is obtained from T n _i through the construction shown in 
Figure H3 
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T - 

n = 



T, 



n-1 



Figure 6. Inductive construction of the tangle T n . 

Definition 2.3. Let Z be the front projection of a Legendrian link in S 1 x 
IR 2 . The resolution of Z is the Lagrangian projection of a Legendrian link 
obtained by resolving each singularity as in Figure [7[ and appending a tangle 
T n at the very right of the projection, as given in Figure |H1 for appropriate 
n. See Figure |H1 for an example. 




Figure 7. Resolving singularities in a front. 




Figure 8. Example of a resolution. The top diagram is a 
front projection; the bottom diagram is a Lagrangian projec- 
tion. 



Proposition 2.4. Let Z be the front projection of a Legendrian link L and 
let Y be its resolution. Then Y is the Lagrangian projection of a Legendrian 
link L' that is Legendrian isotopic to L. 



Proof. The corresponding proof in R from Ngl distorts the front, start- 
ing at the left and moving right, so that the Lagrangian projection of the 
associated Legendrian link is the resolution of the front. This proof works 
here until we reach the right end of the front. In order to connect smoothly 
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Figure 9. Perturbing a front. The rightmost portion of 
the figure, which is included to allow the strands on the right 
to connect smoothly with the strands on the left, has La- 
grangian projection T n . 

with the left end of the front, we need to move the right end so that it will 
close up with the left end under the identification. If we label the strands 
on the right end of the front by 1, . . . , n in order of increasing z coordinate, 
then we interpolate a segment of nonpositive slope into strand 1 so that it 
will close up under the identification; next we interpolate a segment of more 
negative slope into strand 2 so that it will also close up; and so on. See 
Figure |H1 The resulting Lagrangian projection contains the tangle T n on its 
right, and is precisely the resolution of the original front. □ 

To calculate the DGA of a Legendrian link L in l 7 1 (S' 1 ), it will be con- 
venient to use a diagram that is a combination of the front and Lagrangian 
projections. First we set some notation. Consider the projection obtained 
from the front projection Z of L by formally appending on the right the 
tangle T n for appropriate n. We will call this the resolved front projection 
and will often denote it by Z' . See Figure ITU1 Define the vertices of Z' to be 
its crossings (including the crossings in T n ) and right cusps, and label the 
vertices by a%, . . . , a&. The term normal crossing will be used for vertices in 
the front projection and for crossings in T n that appear with the overstrand 
having lesser slope. A special crossing will denote a crossing in T n where 
the overstrand has greater slope. In the resolved front projection, all special 
crossings will be drawn with a broken segment to denote the understrand, to 
emphasize the fact that these are the only crossings which are not resolved 
by having the strand with lesser slope be the overstrand. 

The DGA for L is (A, d), where A is the free, noncommutative, unital 
algebra generated by eti, . . . , a,k, with grading to be described in Section [231 
and d is defined over Z/2 by the following procedure. As in |Chj and Ngl , 
we define <9(aj) for a generator ai by considering a certain class of immersed 
disks in the resolved front projection Z' . 

Definition 2.5. An admissible map in Z' is an immersion from the 2-disk 
D 2 to R 2 which maps the boundary of D 2 into Z', and which satisfies the 
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Figure 10. The resolved front projection for the front from 
Figure |H1 with vertices labeled. The vertices as, a§, and 09 
are special crossings. 



following properties: the image of the map near any singularity looks locally 
like one of the diagrams in Figure ITT1 and, in the notation of Figure llll there 
is precisely one initial vertex. 



Note that Figure fTTI is quite similar to Figure 5 in Ngl| except that due 



to the special vertices in the tangle T n , there are additional possibilities for 
initial vertices and corner vertices. Note that the "forbidden singularity" 



was also forbidden in Ngl . Here it is forbidden since if some disk involves 
this singularity, then it has a rightmost negative corner (at one of the special 
crossings), but one can check that any disk with a rightmost negative corner 
at a special crossing has to remain within the tangle T n and thus cannot 
"escape" the tangle on the left to reach the cusp singularity. 

For each admissible map with initial vertex at dj, we can read off the sin- 
gularities of the boundary of the disk counterclockwise, beginning just after 
at and ending just before reaching aj again. Count each of the singularities 
0, 1, or 2 times, depending on which singularity it depicts in Figure fTTI Con- 
catenating the labels for the singularities, with multiplicity, yields a word 
in A, which we associate to the disk. We then define dai to be the sum of 
these words over all admissible maps with initial vertex at cij, or 1 plus this 
sum if dj is a right cusp. 

As is usual, we can extend d to all of A via the Leibniz rule. It is straight- 
forward to check that the usual definition of the DGA for Lagrangian projec- 
tions translates to our definition for fronts. Theorems l2.1l and l2,2l then imply 
that d 2 = and that the DGA (A, d) is, up to equivalence, a Legendrian- 
isotopy invariant of L. 

For example, for the resolved front in Figure E3 we have 

da\ = 1 + a$CL2 + as a 3 <9 fl 4 = a 3 + a 5 d a 7 = a 6°5 + a 2 + 05^4 + a$ 
da,2 = 0503 da§ = dag = aga^ 

da^ = dciQ = 05 + 09 dag = 0. 



Remark 2.6. As in [FNSl Ngl , we may also lift the DGA to an algebra over 



a ring of the form Z[ti,t 1 , . . . , tm^t^], graded over Z. Since we currently 
have no applications of this lifted DGA, we will omit its definition here. 
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Initial (Positive) Vertices 



K 




XXX 



Corner (Negative) Vertices Counted Once 





XX 




Corner (Negative) Vertices Counted Twice 




Allowed but Uncounted Singularities 




Forbidden Singularity 




Figure 1 1 . Possible singularities in an admissible map and 
their classification. The shaded area is the image of the map 
restricted to a neighborhood of the singularity; the heavy 
line indicates the image of the boundary of D 2 . In two of 
the diagrams, the heavy line has been shifted off of itself 
for clarity. The diagram with heavy shading indicates that 
the image overlaps itself. The regions denoted by II are new 
singularities that do not appear in the theory of Legendrian 
knots in R 3 ; they exist due to the presence of the tangle T n . 
For a simple front, the regions denoted by III do not occur 
and can be omitted. 

At times, it will be convenient to restrict our attention to a special class 



of fronts; as in Ngl , it is easy to Legendrian-isotop any front into the form 
described below. 

Definition 2.7. Any front in J l {S l ) that represents a nontrivial element 
of 7Ti( l 7 1 (S' 1 )) divides the cylinder S 1 x R into several regions, including two 
unbounded ones, one above, one below the front. We call a front simple 
if each of its right cusps lies on the boundary of one of these unbounded 
regions. 

The front in Figure |H1 is simple, while the front in Figure below is 
not. For simple fronts, the vertices labeled with III in Figure do not 
occur and thus it follows that the boundary map for the generators ctj can 
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be calculated in terms of embedded (rather than immersed) disks in the 
resolved front diagram. 

2.3. Gradings. In the previous section, we defined the Chekanov-Eliashberg 
DGA associated to a Legendrian front in l 7 1 (5 1 ), except for the grading on 
the algebra; we now address the issue of gradings. In |Chj . Chekanov defined 
a grading for generators of the DGA of a link in R 3 . Following |Ngl| , we will 
describe how to define the degrees of vertices in a resolved front projection 
in J^S 1 ). 

For knots, the grading is well-defined, but for links, it depends on the 
choice of some auxiliary points on each component of the link; changing one 
of the points shifts some of the indices by some integer. The cases of interest 
to us will be knots and particular links for which there is a canonical way 
to choose auxiliary points. We address these cases in turn; the definition of 
gradings for a general link, which we omit here, can be inferred from the 
corresponding definition for links in R 3 in |Ngl| . 

For the front of a Legendrian knot in J x (S 1 ), we can define the grading on 
the DGA as follows. The degree of each right cusp is 1. For a crossing a in the 
resolved front projection, traverse the knot beginning at the greater-slope 
strand at the crossing, and ending when the crossing is reached again, and let 
c(a) be the number of cusps traversed upwards minus the number traversed 
downwards. If a is a normal crossing, then dega = c(o); if a is a special 
crossing, then dega = — c(a) — 1. By extending degree multiplicatively (i.e., 
deg(ao) = dega + dego), this determines a Z/(2r) grading on the DGA, 
where r is the rotation number of the knot. 

Now suppose instead that we are given a Legendrian link L — (Ai , . . . , A n ) 
in l 7 1 (S' 1 ), such that each component Aj is Legendrian isotopic to the 1-jet 
(in the front projection, the graph) of a function. We will see that there is 
a canonical way to choose an auxiliary point on each component, and hence 
the DGA for L can be given a natural grading which is unique. 

Definition 2.8. Given a Legendrian knot A C J l {S l ), the branches of A 
are the connected components of A\C, where C denotes the set of points 
that front-project to cusps. Suppose further that A C l 7 1 (5' 1 ) is Legendrian 
isotopic to the 1-jet of the 0-function, j (0). A branch X is called initial if 
there exists v G X and a contact isotopy n t of J l {S l ), t £ [0,1], so that 
kq = id, Ki(A) = i (0), and Kt(v) never front-projects to a cusp (including 
the singular point of a "Reidemeister type I" move in the isotopy which 
creates or destroys two cusps and a crossing). 

For each crossing a*, let N°(a,i) and N u (ai) denote neighborhoods of a* 
on the two strands intersecting at Oj with N°(ai) being a portion of the 
overstrand. Note that for a normal crossing, N°(ai) will be in the strand of 
lesser slope. For each j = 1, . . . , k, fix a base point pj on an initial branch 
of Aj, and let P = {pi, . . . ,pi~} denote this set of base points. 

To each crossing, we associate two "capping paths" 7°, 7": 7° is a path 
from ai through N°(ai) to a point in P while jf is a path from at through 
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N u (a,i) to a point in P. For each such path 7, let 0(7) denote the number 
of up cusps minus the number of down cusps along the path. 

Definition 2.9. Suppose L = (Ai, . . . , A n ) where A, is Legendrian isotopic 
to the 1-jet of a function. Then 

1, ai a right cusp 

deg(aj) = < 0(7") — 0(7°), a« a normal crossing 

c (7«") ~~ c (7f) — 1' a i a special crossing. 
As usual, degree extends to the entire algebra by multiplicativity. 

Lemma 2.10. The degree function does not depend on the choice of paths 
7°, 7", nor on the choice of marked points on initial branches. 

Proof. Since each component Aj of the link is Legendrian isotopic to J 1 (0), 
each component must contain equal numbers of up and down cusps. It is 
then easy to check that deg(aj) does not depend on the choice of paths 7°, 
7". In addition, Proposition 5.3 in |Trj shows that a path between any two 
points in initial branches contains an equal number of up and down cusps. 
Thus the degree function does not depend on the choice of points in initial 
branches. □ 

Notice that for any Legendrian isotopy of a link L = (Ai, . . . , A*.), a choice 
of base points on initial branches for the original link yields a choice of base 
points on initial branches throughout the isotopy. It follows that the degree 
given above makes the DGA of the link a Legendrian-isotopy invariant. 

For both knots and the links we have considered in this section, we have 
the following result, whose proof can (essentially) be found in |Chj . 

Proposition 2.11. d lowers degree by 1. 

2.4. Link DGAs. In addition to the grading of the differential algebra, 
there is a structure on the DGA for a link L given by Mishachev's relative 



homotopy splitting |Mij : see Ngl for the formulation we present here. For 
a link L = (Ai, . . . , A&), we can split something which is essentially a sub- 
module of the DGA into k 2 pieces which are invariant under Legendrian 
isotopy. This additional structure will be useful in applying the DGA to 
distinguish between links. 

Recall that for a crossing a, N°(a) and N u (a) denote neighborhoods of a 
in the overstrand and understrand. 

Definition 2.12. For L = (A 1 ,...,A k ), let j u j 2 G {l,...,fc}. If ji ^ j 2 , 
define A nj2 to be the module over Z/2 generated by words of the form 
a h ■ ■ ■ a im where A r °(a il ) C A h , N u {a im ) C A h , and for 1 < p < m, N u (a ip ) 
and N°(ai p+l ) belong to the same component of L. For j\ = j 2 = j, let A Jlj2 
be the module generated by such words, together with an indeterminate ej. 
Then let A** = ©A- 71 - 72 . 
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Each 1 term in the definition of d will be replaced by an ej term; see 
below. Note that a generator a is in hJ k if and only if N°(a) C Aj and 
N u (a) cA k . 

There is an algebra structure on A**, where multiplication is defined by 
the following map A- 71 - 72 x A- 73 - 74 — > A Jlj4 : the map is unless j'2 = j'3, in 
which case it is given on generators by concatenation, with the ej terms 
acting as the identity. There exists a differential on A** which is a slight 
variation of d. Define d'ai on the generators ctj of A** as follows: if N°{ai) 
and N u {ai) are contained in distinct components of L, then d'di = dai] if 
N°{ai) and N u {ai) are contained in the same component Aj of L, replace 
any 1 term by ej. It is easy to see (cf. |Ngl| ) that d' preserves A- 71 - 72 for any 
juh- 

Definition 2.13. The link DGA of L = (A 1 , ...,A k ) is (A**,<9'), where d'eij 
is defined above, and we extend & to A** by applying the Leibniz rule and 
setting & ej = for all j. A** inherits a grading from the DGA of L with 
deg ej = for all j. 

We may define grading-preserving elementary and tame automorphisms 
for link DGAs as for DGAs, with the additional stipulation that all maps 
must preserve the link structure by preserving A- 71 - 52 for all Similarly, 
we may define an algebraic stabilization of a link DGA, with the additional 
stipulation that the two added generators both belong to the same A- 71 - 72 . 
As usual, we then define two link DGAs to be equivalent if they are tamely 
isomorphic after some number of algebraic stabilizations. 

Proposition 2.14. If L and V are Legendrian isotopic oriented links, then 
the link DGAs for L and V are equivalent. 

As in |Ngl| , one can define a link characteristic algebra from a link DGA, 
which is also a Legendrian-isotopy invariant up to equivalence. This is de- 
fined to be the quotient of A** by the subalgebra generated by the image of 

&. 

2.5. Split Poincare Chekanov polynomials. As in |Mi[ |Ngl] , we can 
derive a set of first-order Poincare-Chekanov polynomials from the link 
DGA. To do this, we will first need the notion of an augmentation for a 
link. Recall that an augmentation for a knot consists of an algebra map 
e : A -> Z/2 where A is the DGA over Z/2 for the knot, e o d = 0, e(l) = 1, 
and e vanishes for any element of nonzero degree. 

Definition 2.15. Suppose that each component Aj of L = (Ai,...,Afc) 
when considered as a knot has an augmentation £j. Extend these augmen- 
tations to all vertices aj of L by setting 

, . I £j(ai), if aj £ A- 7 - 7 for some j, 
£{ai) = < 

I 0, otherwise. 

An augmentation of L is any function e obtained in this way. 
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An augmentation e, as usual, gives rise to a first-order Poincare-Chekanov 
polynomial Xe(A); this polynomial splits into k 2 polynomials x^e 32 ^) cor- 
responding to the pieces in K nn . More precisely, in the expression for da{, 
replace each a,j by a,j + e(oj); the result has no zero-order term in the dj, 
and we denote the first-order term by dl(dj). Then d 1 is a differential on 
the graded vector space V* over Z/2 generated by the aj, and it preserves 
the subspaces V£ in generated by the Oj G A nj2 . 

Definition 2.16. For each augmentation e, let 

ker r) 1 • V jlj2 — >■ V J ' 13 ' 2 
/#*( e ) = dim ^^-^ . ^ V. 1 . 
fc im0i:V£*»->V£ 1Ja 

We define the split Poincare-Chekanov polynomials of the link L with re- 
spect to e to be 



jfc 



In the case when L is a knot, there is just one polynomial per augmentation, 
which we call the Poincare-Chekanov polynomial and denote x E (A)[X]. 

Of course, the split polynomials depend on a choice of grading of the link, 
which is ambiguous in general but is well-defined for the cases which are of 
interest to us. The importance of the split Poincare-Chekanov polynomials 
derives from the following result. 

Proposition 2.17. If L is a knot, then the set of Poincare-Chekanov poly- 
nomials for all possible augmentations of L is invariant under Legendrian 
isotopy. If L is a link whose components are all Legendrian isotopic to 
j 1 (0), then for any j%,j2> the set of split Poincare-Chekanov polynomials 
Xe 1J2 (A)[L] for all possible augmentations e of a link L is invariant under 
Legendrian isotopy. 

Proof. See |Ch| |Ngl| ; note that a similar result holds for arbitrary Legen- 
drian links in ^T 1 (S 1 ). □ 

If a knot or link has only one Poincare-Chekanov polynomial, then we will 
sometimes suppress the subscript e and write x(A)[L] or %- ?lj2 (A) [L] . 

We finish this section by noting one obvious property of split Poincare- 
Chekanov polynomials, also mentioned in Ngl| , which we will use later. 



Proposition 2.18. For L = (Ai, A2, . . . , let a be a permutation of 
{l,...,k} and consider L a = (A^m, . . . , A^ha). Then if L has a unique 
Poincare-Chekanov polynomial, 

ffcW*)(A)[L ff ] = x W2 (A)[L]. 
3. Legendrian Knots in the Solid Torus 



In this section, we give several examples of Legendrian knots in the solid 
torus that can be distinguished using the DGA invariant. Note that the 
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generating- function results from |Trj . which apply only to two-component 
links, cannot be used here. 

A large class of Legendrian knots in l 7 1 (5' 1 ) can be obtained by identifying 
the ends of long Legendrian knots in M 3 (for a treatment of long Legendrian 
knots, see |Chj ). More precisely, given the front of a long Legendrian knot 
in standard contact M 3 , say with ends asymptotic to the x-axis, we can 
identify the two ends to produce the front of a Legendrian knot in l 7 1 (S' 1 ); 
see, for example, the top pair of diagrams in Figure 1121 which are derived 
from long-knot versions of the Chekanov 52 knots. It is clear from the 
resolution construction of Section \2. 21 that the DGA for the solid-torus knot 
is identical to the DGA of the long knot. One can then use Poincare- 
Chekanov polynomials or other techniques to distinguish these solid-torus 
knots. 



Figure 12. Pairs of nonisotopic knots in l 7 1 (S' 1 ). 

As an example, consider the top pair of knots in Figure 1121 One can 
compute, either directly or using |Ch| Thm. 12.4] and the standard calcu- 
lation of the polynomials for the Legendrian 52 knots, that the knots, and 
their long-knot equivalents, have Poincare-Chekanov polynomial x(A) = 2 
(left knot) and x(A) = A 2 + A~ 2 (right knot); hence they are not Legendrian 
isotopic. 
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Figure 13. Calculating the DGA for the middle pair of 
solid-torus knots from Figure 



Another pair of solid-torus knots related to the 5 2 knots, but not derived 
from long knots, is the middle pair of knots in Figure H2l which we will call 
K\ and A" 2 . Both K\ and K2 have r = and tb = 1. With crossings as 
marked in Figure the DGAs of K\ and K2 are defined by: 

d(ai) = 1 + (1 + a 5 a 4 )a 2 d(a\) = 1 + (1 + a 4 a 5 )a 2 

<9(a 3 ) = 1 + (1 + a 4 a 5 )a7 <9(a 3 ) = 1 + a 7 (l + a 5 a 4 ) 

<9(a 6 ) = a 2 + 07 ' <9(a 6 ) = a 2 + a 7 

d( ai ) = 0, i / 1, 3, 6 d{di) = 0, i + 1, 3, 6. 

The key difference between the DGAs for K\ and K2 is that for K\, deg(a 4 ) = 
deg(as) = 0, while for K2, deg(a 4 ) = 2 and deg(as) = —2. We can then 
calculate the Poincare-Chekanov polynomials to be x(A)[.Ki] = A + 2 and 
x(A)[i^ 2 ] = A 2 + A + A -2 . It follows that K\ and K2 are not Legendrian 
isotopic. 

Using variants of the construction which gives K\ and K2, one can pro- 
duce many other examples of pairs of nonisotopic Legendrian knots. For 
instance, the bottom pair of knots in Figure ^] is a slightly more compli- 
cated example but can also be distinguished using the Poincare-Chekanov 
polynomial. 

We note that there are other ways to distinguish all of the example pairs 
in this section. One way is the method of Legendrian satellites (see the 
Appendix). A second way to distinguish these pairs is to adapt the generat- 
ing function techniques developed for links in Tr to the knot setting; such 
calculations are done in |.Toj . 

The pair in the second example in Figure El can be viewed as quotients 
of Legendrian versions of infinite parity rational tangles. Quotients of Leg- 
endrian versions of even and odd parity rational tangles are studied in the 
next section. 



4. Rational Links and Knots 

In this section, we will calculate the split Poincare-Chekanov polynomials 
of the two-component links studied in |Trj and compare these polynomials to 
the polynomials defined via the theory of generating functions. These links 
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can be seen as quotients of Legendrian versions of the even parity rational 
tangles denned by Conway in |Co| . Some (knot) quotients of Legendrian 
versions of odd parity rational tangle will also be examined, thus leading to 
solutions of some problems posed in |Trj . 

The standard rational Legendrian link (2h n , . . . , 2h 2 , v±, 2hi) is a 
two-component link that can be constructed recursively: for n = 1, the links 
(2h) have a front consisting of the graphs of two functions /, g : S 1 — ► R 
that intersect transversally at 2h points; for n > 2, the (2n — l)-length 
link (2h n ,v n -i, . . . , 2h 2 ,vi, 2h\) is formed from "vertical and horizontal ad- 
ditions" to the (2n — 3)-length link (2h n , . . . ,v 2 ,2h 2 ), as shown in Figure ITU 
For these two-component links (Ai,A2), the top/darker strand depicted in 
Figure ITU will denote the second component. For all these links, it will be 
shown that the split Poincare-Chekanov polynomials are unique and thus 
the set notation will be dropped. 





2h, 



Figure 14. The recursive construction of the link 
(2h n ,v n -i, . . . ,2h 2 ,vi,2h 1 ) from (2h n ,v n -i, . . .,2h 2 ). 

The polynomials x (A)[L] and x 22 (A)[L] are the usual Poincare-Chekanov 
polynomials for each individual link component. Since, by construction, each 
component is isotopic to the 1-jet of a function, x n (A)[L] = x 22 (^)[L] = 0. 
However, the polynomials x 21 (^)[-^] an d x 12 (^)[A] wm carry useful informa- 
tion. 

Definition 4.1. For a Legendrian link L = (Ai, A2), define 
X -(\)[L] = x 21 (A)[L], y+(A)[L] = x 12 (A)[L]. 



Throughout this section, as in |Trj . p(X) denotes p(X 1 ) for any polyno- 
mial p. 

Theorem 4.2. Consider the Legendrian link L = (2h n , v n -\, . . . , V\, 2h\). 
Then 

X + (A)[L] =hi + h 2 X Vl + h 3 X v ' +V2 + ■■■ + h n X Vl+ - +Vn -\ 
\x + {X)[L], hi > 1 



X-(X)[L] 



\-± + l + x +(\){L], hi=0. 
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Proof. First consider the case of hi > 0. Draw the link in standard (non- 
simple) position as illustrated in Figure 1151 This resolved front projection 
gives rise to a link DGA with 

• 2h\ + ■ ■ - + 2h n generators arising from the horizontal crossings; these 
will be denoted by 

hf., j G {l,...,n}, ie {l,...,hj}, 

j'-i 

with deg(/ij) = 0, deg(^) = ±J^ v k, hi G A 12 , hj. G A 21 ; 

k=l 

• Vi + • • • + v n -\ generators arising from the vertical crossings; these 
will be denoted by 

Vji, j G {1, . . . ,n - 1}, i G {1, . . . , Vj}, 

with deg(%) = 0, Vj i G A 11 ; 

• (vx — 1) + • • • + (^n-i — 1) generators arising from the cusps that 
occur when > 1; these will be denoted by 

m jx , j G {1, . . . , n — 1}, i € {1, . . . , Uj — 1}, 

with deg(mjj = 1, m,j i G A 11 ; 

• n — 1 generators arising from the cusps that occur when connecting 
the string of Vi crossings with the string of hi + \ crossings; these will 
be denoted by 

Cj, j G {1, . . . , n — 1}, with deg(cj) = 1, Cj G A 11 ; 

• 2 generators arising from the crossings that occur in the tangle T2; 
these will be denoted by 

t ,tZ v with deg{t k ) = k, t~ G A 21 . 




Figure 15. A nonsimple resolved projection of the link (2, 1,4, 2, 2). 

Note that to calculate the degrees above, we can set base points on the two 
components of L to be the "leftmost" points on the fronts, which certainly 
lie on initial branches. 
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There is a unique augmentation for the link given by efej = 1 for all ji 
and e(a) = for all other vertices. The augmented vertices (with e = 1) 
are denoted with double circles in Figure To calculate x^A), it suffices 
to calculate <9*(/i^:) and d\(tZ)- To calculate d\, we count the number of 
polygons constructed by switching branches at vertices of which at most one 
is not augmented. A direct calculation shows that 

d 1 £ (t^) = tz 1 , 9 £ 1 (r 1 )=o, 
dt(K 1 )=tz v %K) = o, 

dl(hf)=Q forj^h. 

Notice that when = 1, d~(h ki ) will contain a summand of the form 
Y2i 2h7 k+1 s = which comes from counting disks with the "allowed but 
uncounted singularities" labeled by III in Figure ITT1 The stated calculations 
of x ± W[L] follow. 

When hi = 0, the only difference is that the h x . no longer exist and 
0i (t~ ) = 2Q = 0. The desired expressions for ^(A^L] follow for this 
case. □ 

Remark 4.3. In |Trj . polynomials denoted by for the above Legendrian 
links were constructed via the technique of generating functions. For the 
Legendrian link L = (2h n ,v n -i, . . . , v\, 2h\), 

r-(A) [L] =h 1 + h 2 \~ vl + h 3 X~ Vl ~ V2 + ■■■ + h n \~ vl ~ V2 Vn ~ 1 , 

'A-r-(A)[L], h!>l 
(l + A) + A-r-(A)[L], h = 0. 



r+(A) [l] 



Thus for these links, Y+(A)[L] = r~(A)[£], and, if hi > 0, X~W[L] = 
r _ (A)[L]. The same relationship between x ± (A)[-L] and r ± (A)[L] will hold 
for "flyped" versions of these standard links discussed below. 

All these standard rational Legendrian links are topologically unordered. 
Notice that Proposition 12.181 implies that if L = (Ai, A2) and L = (A2, Ai), 
then 

X~(A)[L] = x+(A)[L] and Y+(A)[I] = X ~(A)[L]. 
Thus by the formulas in Theorem l4.2l we reproduce the following result from 

IT3. 



Corollary 4.4. Consider L = (2h n , v n -\, . . . , v±, 2hi). Then L = (Ai,A2) 
is isotopic to L = (A2, Ai) if and only if L = (2h\), hi > 0. 

We next consider rational links that are not in the "standard form" 
(2h n ,v n -i, . . . , vi, 2hi), but rather involve added "hypes". For the topolog- 
ical version of the link (2h n , . . . ,vi,2h-\_), n > 2, there are "flyping" moves 
that do not change the topological type of the link. A topological flype 
occurs when a portion of the link, represented by the circle labeled with 
"F" in Figure El is rotated 180° about a vertical axis (a vertical flype), or 
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about a horizontal axis (a horizontal flype). For background on such hypes, 
see, for example, |Adj . This motivates the definition of a Legendrian flype: 
when a crossing is formed by two edges emanating from a Legendrian tangle, 
represented by the box labeled with "F" in Figure Il6l a Legendrian verti- 
cal (horizontal) flype occurs when the tangle is rotated 180° about vertical 
(horizontal) axis and the crossing is "transferred" to the opposite edges. 
This rotation action is not a Legendrian isotopy; hence, although the re- 
sulting Legendrian links are topologically isotopic, they are potentially not 
Legendrian isotopic. 




Figure 16. (a) A topological vertical flype, (b) a topolog- 
ical horizontal flype, (c) a Legendrian vertical flype, (d) a 
Legendrian horizontal flype. 

For each positive horizontal entry 2hi, i ^ n, in the Legendrian link 
(2h n , . . . , 2/i2, v i, 2/ii), it is possible to perform 0, 1, . . . , or 2/ij successive 
horizontal flypes; for each vertical entry Vi, it is possible to perform 0, 1, 
. . . , or Vi successive vertical flypes. In |Trj it was shown that vertical flypes 
of a standard Legendrian link produce an isotopic Legendrian link. In the 
following, we will focus on horizontal flypes of a standard Legendrian link. 
The nomenclature 

(2h n ,v n ^ 1 ,2h p n T 1 1 ,...,2h p 2 2 ,v 1 ,2h p 1 1 ) , Pi € {0,...,2hi}, 

will be used to denote the modification of the standard link by pi horizontal 
flypes in the i th horizontal component. With this notation, the standard ra- 
tional link is written as (2h n ,v n -i, 2h® l _ 1 , . . . , 2/13,^1, 2h\). If no superscript 
is specified for an entry of the vector, it will be assumed to be 0. Figure IT71 
illustrates a resolved front projection of (2, 1, 4 1 , 2, 2). 

The following theorem shows that the polynomials of these flyped versions 
of the standard link also have a nice pattern: as was seen for the calculation 
of the generating function polynomials |Trj . the coefficient of V{ (in the 
exponent of A) in the formulas given for the polynomials of the standard 
rational Legendrian link by Theorem 14 . 21 will become for the flyped versions 
either ±1 depending on the parity of the number of flypes in the hi, . . . , hi 
positions. 
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Theorem 4.5. Let L be the Legendrian link (2h n , v n -i, 2/i£l 1 \ . . . ,vi,2h^) . 
For j = 1, . . . , n - I, let a(j) = Y%=i Pi- Then 

n 

X + (X)[L) = h + ^/ ljA (- 1 ) CT(1) ^+(- 1 ) CT(2) ^+-+(- 1 ) CT(l - 1) ^- 1 , 



i=2 



X + W[L], ht>l 

(A- 1 + l)+x+(A)[L], ^ = 0. 



Proof. By Theorem 14.21 the stated formulas hold for L when pi = for all 
i. For arbitrary p n -i, ■ ■ ■ ,pi, assume the formulas hold for 

L = (2h n ,vn-i, 2h p ^ ,...,v x , 2hf ) . 

Consider L' which differs from L by one additional horizontal hype at the 
k th position: 

L'= (2h n ,v n - 1 ,2h^T 1 1 ,...,v 1 ,2h^) , 3k:wi= Pi , for i± k, 

and Wk = Pk + 1- 

There is a resolved front diagram Z' for L' with the same number of vertices 
as a resolved front diagram Z of L: in analogue with the argument in the 
proof of Theorem 14.21 let hp , vp , rrij i , Cj , t^ denote the vertices of Z corre- 
sponding to the horizontal crossings, vertical crossings, crossings resulting 
from Vi > 1, connections between strings of horizontal and vertical cross- 
ings, and the crossings in the tangle T<i- Similarly, let /i^ , Vj/, m'-_, dp tj~ 
denote the corresponding vertices of Z' . For an example, see Figures IT31 and 
rm We first calculate the degrees of hp assuming that the degree of hp is 

db YjiZii - i) a ^V£ where o~(l) = J2i=i Pi- ^ * s eas y *° verify that when j = 1, 
deg/ij = 0. When j > 1, we will show that deg/ij' = ± Y?tZ\{- l Y' i ® v l, 




Figure 17. Labels for a resolved front projection of a flype 
of the figure in Figure Hoi All vertices are further labeled by 
a prime (') which is omitted. 
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where 

For each capping path 7 for hp., there is a natural capping path 7' for hp' 
so that 7 and 7' pass through corresponding sequences of vertical crossings. 
To calculate the degrees, we must count the number of up and down cusps 
along these capping paths. However, a path passes through a cusp if and 
only if it passes through a vertical crossing. Thus it suffices to keep track 
of how capping paths 7 and 7' differ in how they pass through the vertical 
crossings. Capping paths 7 for hp. (and thus 7' for hp. ) can be chosen that 
pass through each of the vertical vertices v\ t , . . . , «j-i, precisely once and 
do not pass through the vertices Vj m , . . . , v n -i» • If the Aype occurs at the k th 
position, cusp counts along paths that do not intersect , Ufc+i, , • • • , 
will be unchanged. Thus it is easy to see that 



-1 .7-1 



j<k => degh±' = deghp = ±^2(-iy^v e = ±^(-!V'W 



A capping path 7 for hp., j > k + 1, can be broken into two paths 71 and 
72 where 71 passes through each of the vertical vertices vi t , . . . , Vfe-i, pre- 
cisely once and 72 passes through each of the vertical vertices , • • • , Vj—i 
precisely once. If j[ and 72 denote the corresponding capping paths for tip.', 
then the cusp counts for 71 and j[ agree while the cusp counts for 72 and 
7 2 differ in sign. Thus if 

j'-i 

deg/*J = ±^(-ir(% 
£=1 

then 

deg hp' = deg 71 - deg 72 

= ± (£(-ir ( % + = ± ( j>ir'(0 . 

Wl fcfc / U=l / 



It is easy to verify that there are unique augmentations e of L and e' of 
1/ given by augmenting precisely the vertical vertices. We next show that 
the calculation of d\ for L will be "preserved" under the flyping move. In 
particular, we will show that when h± > 0, 

a, 1 (t -) = tz 1 dKtzj = dl,(t ') = r/ ^(t:/) =, 
%iK) = Q = => = *-i d l>K) = 
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By an analysis of the flyping procedure and the construction of these links, 
we find that when the ffype occurs at the k th position, if there are no disks 
with a corner label of or fyfe_|_iv in the calculation of d~(a) then d^(a') 
will be given by the formula for d\ (a) with primes inserted for all the vari- 
ables. This verifies the statement for d\, (tg'), d&(tZ.\ )■> and d^ih^) when 
j ^ k, k — 1. A careful analysis shows that d^,{K^ k _ l ^ ') is given by inserting 
primes into the formula for <9g(/i^,_ 1 - ) ), and that when > 1, there are no 
admissible maps for the calculation d^{h^ ) coming from disks with corner 
labels fyfc+i),- When = 1, dl(h^ ) containing a summand of the 
form ^2 2h^ +1 _ = implies that d^,(h^ ') contains a summand of the form 
^2 2h^ +1 . = 0. (Compare d^Qi^) in Figure ITol which has two terms, 
with d^/Qi^ ) in Figure IT71 which has two terms.) This demonstrates 

the claimed calculations of d^, when hi > 0. When hi = 0, hf_, h^' no 
longer exist and the above arguments show that 

= 2Q = a%,(to') = 2tZi = o- 

From this, we can deduce the claimed calculations of X (A) [L'\ for the unique 
augmentation e' . □ 

Theorem l4.2l and Theorem l4.5l can be combined to construct numerous ex- 
amples of nonisotopic Legendrian links. For example, the links L = (2, 1, 2) 
and V = (2, 1, 2 1 ) shown in Fi gure[2]are not Legendrian isotopic since 

X + (A)[L] = 1 + A, x-(A)[L] = l + A-\ 
X + (A)[L'] = 1 + A- 1 , X -(A)[L'] = 1 + A. 

If we disregard the splitting of the DGA into modules A- ?lj2 , the standard 
Poincare-Chekanov polynomial of L = (2h n ,v n -i, 2h^Zi , ■ ■ ■ , vi, 2/tf 1 ) is 

x (X)[L}= x -(X)[L] + x + (Xm 

Notice that this nonsplit polynomial would not distinguish between the links 
L and L' listed above. However, the nonsplit polynomial will be useful when 
examining knots. 

Using the above procedure, a vector of the form 

(2h n , v n - u 2/£Ti , • • • , vi, (2hi - 1) P1 ) , hi, Vi >l 

is a knot that can be viewed as the quotient of a Legendrian version of an 
odd parity rational tangle. 

Theorem 4.6. The Legendrian knot K = (2h n , v n —i, . . . , vi, (2hi — 1)), 
hi,Vi > 1 has unique first- order Poincare-Chekanov polynomial 

n n 

X(\)[K] = ^2 hi\~ Vl ~ V2 Vi ~ 1 + (2hi - l)+J2 h i X " 1+V2+ '" +Vi ~ 1 - 

i=2 i=2 
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The Legendrian knot with flypes K = (2h n ,v n —x, 2h^_i ,v\, (2h\ — 
has unique first-order Poincare-Chekanov polynomial 

X (\)[K] = ^/ liA -((-ir (1) -i+(-ir (2) -2+-+(-D^- 1 ), l - 1 ) + {2hi _ 1} 

i=2 

n 



+ V" / l . A (-l) CT(1) -"l + (-l) <T(2) f2 + - + (-l) CT(l - 1) f ! 



i=2 

where a{j) = Yh=i Pi for j = 1, . . . ,n - 1. 

This theorem is proven with calculations analogous to those in the proofs 
of Theorems 14.21 and 14.51 Label crossings similarly to the two-component 
case, but without the ± superscripts. Essentially, one uses the augmentation 
which augments precisely the Vj i generators, and computes the linearized 
differential for the hj i and ti generators as before. We now need to consider 
the linearized differential on the Cj, rrij i , and Vj t generators as well; the fact 
that these make no contribution to linearized homology follows from the 
analogous fact, in the two-component link setting, that the split Poincare- 
Chekanov polynomial X U W 1S 0- 

The main difficulty in the knot case is that there may be other augmen- 
tations besides the one used above. For example, in the standard form, any 
augmentation must augment the vertical vertices but it is now possible to 
augment any among the set {/ii„,to}. (Recall that for the link situation, 
these crossings were interstrand crossings and thus they could not be aug- 
mented.) It is easy to verify that changing the augmentations of {/ii»,io} 
will not change the admissible maps used in the calculation of d\ and thus 
X e (A)[if] will be independent of the choice of augmentation. For the flyped 
knots K, it is possible to augment some generators hj t when deg(/ij t ) = 0. 
This may result in an addition of immersed disks in the calculation of d~, 
but such disks always occur in canceling pairs and thus the polynomials 
Xe(A)[if] are independent of augmentation. 

We can apply Theorem 14.61 to answer Question 1.34 from |Trj in the neg- 
ative: the Legendrian knots (2, 1, 2, 1, 1) and (2, 1, 2 1 , 1, 1) (see Figure|2J) are 
not Legendrian isotopic, because they have Poincare-Chekanov polynomial 
A 2 + A + 1 + A -1 + A~ 2 and A + 3 + A" 1 , respectively. 



5. Connect Sums 

In this section, we consider (usually nonrational) "connect sums" of ra- 
tional knots and links, in the sense introduced in |Trj . Since, up to Leg- 
endrian isotopy, the connect sum may depend on the choice of where the 
links are cut into tangles, a standard position for cutting the links will be 
chosen. Namely, the connect sum L\j^Li is defined as the closure of the 
connect sum of the Legendrian rational tangles T{L\) and T(L2), which are 
constructed analogously to the links Lj. This construction is illustrated in 
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Figure ITH1 where, if L\ denotes the link (2h n , . . . ,2h±), then T(L\) corre- 
sponds to Figure El except considered as a tangle rather than closed to a 
link. When working with the polynomials constructed from the theory of 
generating functions, simple formulas exist for constructing the polynomials 
of Li#L 2 from the polynomials of L\ and L 2 . Similarly, simple formulas 
hold for the polynomials constructed from the holomorphic theory. 




I-1#I_2 



Figure 18. The construction of the connect sum Li^L 2 . 



Theorem 5.1. Consider the Legendrian links 

Lx = (2h n , v n _i , 2h p n n S 1 1 , . . . , vi, 2/if ), L 2 = (2km, u m _i, 2^-1 1 2^ ) 
T/ien 

X +(A)[ii#L2] = X+(A)[Li] + x+(A)[L 2 ]; 

f X -(A)[L 1 ]+ X -(A)[L 2 ], fci,fci>l 
I X -(A)[ii] + X~(A)[L 2 ] - (A- 1 + 1), efee. 



X -(A)[L!#L 2 



Proof. Let Z[, Z 2 , Z' 1+2 denote resolved front projections for L%, L 2 , Li#L 2 , 
and then let V/ 2 , V 2 12 , V±f 2 and F 21 , V^ 21 , Vi+ 2 denote the first-order sum- 
mands of the corresponding link DGAs. Then, as in the proof of Theo- 
rem EH if V^ 2 is generated by hj. and V 2 12 is generated by k^ e , then V^ 2 2 
is generated by /i^,/c+ f ; if V 21 is generated by hJ_,tQ,tZi and y 2 21 is gen- 
erated by fc~ £ , Uq , tC 1; then is generated by k^ nt , Uq , Notice 
that the two generators t$ , tZi that were needed to close up L\ are no longer 
necessary due to the presence of L 2 . 

It is easily verified that augmentations E\ and e 2 of Z' x and Z 2 lead to 
an augmentation Ei +2 of Z 1+2 (and conversely) and that on V± 2 2 , d\ 1+2 = 
dg + 9g , where we extend d\ ,d\ trivially to V 2 } , V^ 2 respectively. It 
follows that X + W[Li#L 2 ) = X + (A) [L{\ + %+ (A) [L 2 ] ■ 

Recall from the proof of Theorem 14.51 that on V 21 and V 2 , 



ker d\ / im d\ is spanned by 



h u + t , hj., ji ^ li, when hi > 1 
hj,,tQ,tZi, hi = 0; 

i oi /• oi • j U J fc U + M o ' fc m,> m t / li, when fci > 1 

ker / im c^ 2 is spanned by < _ _ « 

\k mi ,u ,u_ 1 , ki = 0. 
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If h\ = or ki = 0, we may assume by applying a translation if necessary 
that hi = 0. Then we see that d] 1+2 = + d] 2 on the generators of Vi\ 2 
and thus x~(A)[£i#£2] equals x~(A)[Li] + x~(A)[L2] minus two terms of 
degree —1 and 0. Else if hi,ki > 0, then it is easy to verify that on VS 2 > 
kerd* / imd~ is spanned by 

h^+UQ,hj t ,k- e , ii^li; 

it follows that X -(A)[£i#L 2 ] = X ~(A)[Li] + X - (A)[^]. □ 

Remark 5.2. An analogous formula for connect sums holds for the polyno- 
mials constructed by the theory of generating functions. Namely, for the 
Legendrian links considered in the statement of Theorem 15. 1| we have 

r-(A)[Lx#L 2 ] = r~(A)[Li] + r-(A)[L 2 ]; 

fr+(A)[L 1 ]+r+(A)[L 2 ], h!,h>l 
{T+(X)[Li} + r+(A)[L 2 ] - (1 + A), else. 

Thus, in parallel to what we observed for rational links, 



t+(\)[Li#l 2 ] 



X + (\)[L 1 #L 2 ]=r-(\)[L 1 #L 2 ], 

X -(\)[Li#L 2 ] = r-(A)[Lx#L 2 ], when h u h > 1. 

We can use the same techniques to calculate the Poincare-Chekanov poly- 
nomial for the connect sum of a rational knot and a rational link. 

Theorem 5.3. Consider the Legendrian link and knot 

Li = (2h n , v n -u . . . , ui,2fcf), 

L 2 = (2fc m ,u m -i,2C™i 1 ,...,ui ) (2fc 1 -l) Wl ). 

Then 

fx + (A)[Li] +X-(A)[Li] +X(A)[L 2 ], h x > 1 

I x + (A)[Lx] + x"(A)[Li] - (A- 1 + 1) + x(A)[L 2 ], = 0. 



X(A)[L!#L 2 



Next we will explore some examples of connect sums that can and cannot 
be distinguished by their Poincare-Chekanov polynomials. Then it will be 
shown that sometimes the characteristic algebra can distinguish links that 
cannot be differentiated by their polynomials. For simplicity, we will restrict 
to connect sums made from "basic building blocks" . 

Definition 5.4. Let Cj 1 j 2 denote the connect sum (2, 1, Ji)#(2, 1, j 2 ) as 
shown in Figure E3 

Notice that there are many ways to label a connect sum. For exam- 
ple, £ 2i2 = (2, 1,2)#(2,1,2) can also be written as (2, 1, 3 1 )#(2, 1, 1) or as 
(2, 1,4 2 )#(2, 1,0). The notation Cj 1: j 2 ^ s convenient since it emphasizes the 
geometrical aspect that the link is made out of two basic "bubble units" 
separated by ji and j 2 crossings. 
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il j 2 




Figure 19. The link £,-. 



If ji +j 2 is even, then £, li: ,' 2 is a two-component link; else, Cj 1 j 2 is a knot. 
It is easy to verify that Cj u j a is topologically isotopic to Cki,ka ^ an( ^ om y 
if ji +32 = h + k 2 . 

The next proposition shows that, for example, is distinct from £o,4 
and from £2,2- 

Proposition 5.5. Consider jx,j 2 even andki,k 2 odd with j\+ 22 = k\ + k 2 . 
Then the split Poincare-Chekanov polynomials distinguish the links £>j u j 2 
and £fci,fc 2 - 

Proof. First consider the case where k 2 > j 2 • By "sliding" k 2 — j 2 crossings 
around the circular base, Ck lt k 2 can De rewritten as 

(2, 1, (h + (k 2 - j 2 )) fe2 - i2 )#(2, 1, k 2 - (k 2 - j 2 )) = (2, 1, j^ 2 )#(2, 1, j 2 ). 

Since k 2 — j 2 is odd, Theorems 14.51 and 15.11 show that x + W[£ji j 2 ] 
X + (A)[£ fcllfe2 ]. 

If k 2 < j 2 , choose £ so that j 2 — 21 < k 2 < j 2 — 2{l — 1), and notice 
that C juj2 = (2, 1, (n + 2t) 2i )#(2, 1, j 2 - 21). Then by sliding k 2 - (j 2 - 21) 
crossings in C klM , we have £ klM = (2, 1, (j l + 2£) k ^- 2e ^)#(2, 1, j 2 - 2£). 
Since k 2 — (j 2 — 2£) is odd, the x + polynomials will again distinguish Cj lt j 2 
and£ fcljfc2 . □ 

Note that, by Remark 15 .2| the generating function polynomials of |Trj also 
distinguish the links in Proposition 15.51 

The next proposition shows, for example, that £0,4 is distinct from £2,2; 
this answers Question 1.31 in |Trj . 

Proposition 5.6. Consider j 2 , k\, k 2 with j 2 = ki + k 2 andk±,k 2 7^ 0. Then 
the characteristic algebras of £o,j 2 and Ck 1: k 2 are n °t equivalent in the sense 
of |Ngl| , and hence the links are not Legendrian isotopic. 

Proof. Let C denote the characteristic algebra of Ck lt k 2 , an d C that of £o,j 2 - 
It will be shown that all elements in C that are invertible from one side 
are invertible from both sides, while in C' , there is an element that is only 
invertible from one side. 
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Figure 20. A front projection of the link £fc li / C2 with its 
vertices labeled. 



First consider the Legendrian link C kl: k 2 - Using the front for C kl ,k 2 given 
in Figure [2*01 we compute the differential on the DGA of C klk2 t° be 



(1) 

(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 



0(ci) = 1 + (l + bzbijai 
5(6 3 ) = 6i(l + aix 2 ) + t x 2 
d(h) = t 

d(xi) = (1 +6 2 6i)(l + a 1 x 2 ) 
d{c 2 ) = 1 + (1 + d 2 d!)a 2 
d(d 3 ) = di(l + a 2 y 2 ) 
d{y x ) = (l + d 2 di)(l + a 2 y 2 ) 
d(p) = 0, for all other vertices. 



In the characteristic algebra of C kltk2 , working with the expressions given 
by the first four equations, we compute that (1 + 6261) (1 + a\x 2 ) = 0, and 
6i(l + 01X2) = 0, so 1 = a\x 2 . Then (1 + (1 + &26i)ai)x2 = implies 
x 2 = 1 + 6261- Using this value for x 2 , we find that @ transforms into 
6i(l + ai(l + 6261)), and thus (J3J) transforms into 

(1 + 6 2 6i)(l + oi(l + 6261)) = 1 + oi(l + 6261). 

Hence, after we solve for x 2 and to, ©-© are equivalent to the relation 
1 + a%(l + 6 2 &i). An analogous argument shows that, after solving for y 2 , 
equations ©-© are equivalent to the two relations 

1 + (1 + d 2 di)a 2 , 1 + a 2 (l + d 2 d x ). 

Thus the characteristic algebra of Ck±,k 2 ls 



C ~ Z/2(ai,ci,6i,& 2 , . . . ,b kl+2 ,xi,x 2 ~,a 2 ,c 2 ,di,d 2 , . . . , d k2 + 2 , Vi, m, h, to)/ 
(1+(1 + 6261)01, l + oi(l + b 2 bi), 1 + (1 + d 2 d!)a 2 , 1 + a 2 (l + d 2 di)). 
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Figure 21. A front projection of the link Coj 2 with its ver- 
tices labeled. 

Next consider the Legendrian link £o,j 2 ■ Using the front in Figure 1211 we 
compute the differential on the DGA of £o,ia to be 

did) = 1 + (1 + B 2 B X )A X + B 2 T 

am) = T 

= (1 + 5 2 Bi)(l + A 1 X 2 ) + B 2 T X 2 
d(C 2 ) = 1 + (1 + D 2 D 1 )A 2 + D 2 Bx(l + A r X 2 ) + D 2 T X 2 
d(D 3 ) = D^l + ,4 2 Y 2 ) + + ^iX 2 )y 2 + T X 2 Y 2 
d(Yi) = (1 + D 2 -Di)(l + A 2 Y 2 ) + D 2 5i(l + A X X 2 )Y 2 + D 2 T X 2 Y 2 
<9(P) = 0, for all other vertices. 

If we quotient the resulting characteristic algebra C by the relations A 2 +X 2 , 
Bi + l + Xa, B 2 + l, + I + D 2 + l, Y 2 + A u C u C 2 , X u T , T u and 
Di for 3 < i < j 2 + 2, we obtain a quotient algebra with just two generators 
Ai,X 2 and one relation 1 + A\X 2 . It follows that there is an element of C 
(namely Ax) which is invertible from the right but not from the left. Since 
all elements in C which are invertible from one side are also invertible from 
the other (see also similar arguments in |Ngl| ), we conclude that C and C 
are not equivalent. □ 

To use the characteristic algebra to distinguish Cj 1 j 2 and Ck±to-> as in 
Proposition 15.61 it is necessary that one of ji,j 2 , fei, k 2 equal 0. If one con- 
siders the knots C 2 $ and £4,1 shown in Figure |U then it is not hard to 
verify that these knots have tamely isomorphic DGAs! Similarly, the links 
£ 2; 6 and £^4 have isomorphic link DGAs. It seems likely that one could 
use Legendrian satellites (see the Appendix) to distinguish these pairs, but 
this would require an involved computation with characteristic algebras. It 
would be interesting to know if there was a simpler argument. 

Appendix: Legendrian Satellites 

In this appendix, we discuss another method to distinguish knots and 
links in J l {S l ) besides generating function polynomials or the solid-torus 
DGA, namely Legendrian satellites. Most of the theory presented here either 
has appeared in some form previously (e.g., in |Mil |Ng2 ) or is part of the 
subject folklore, but we include it for completeness. We then examine several 
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KXXIj 




L 



L 



S(L,L) 



Figure 22. Gluing a solid-torus link L into an R 3 link L, 
to form the satellite link S(L,L). 



examples for which Legendrian satellites can be applied, including a pair of 
solid-torus knots which cannot be distinguished by their DGAs but can be 
distinguished through satellites. 

Legendrian satellites are the Legendrian analogue of satellites in the topo- 
logical category. Let L be an oriented Legendrian link in M 3 with one distin- 
guished component L\, and let L be an oriented Legendrian link in l 7 1 (5' 1 ). 
We give two definitions of the Legendrian satellite S(L,L) C M 3 , one ab- 
stract, one concrete. 

A tubular neighborhood of L\ is a solid torus contactomorphic to i7 1 (S' 1 ). 
Thus we can embed L C S 1 x M? as a Legendrian link in a tubular neigh- 
borhood of L\. Replacing the component L\ in L by this new link gives 



recall the definition of an n-copy from |Mij . 

Definition 5.7. Given a Legendrian knot K in M 3 , its n-copy is the link 
consisting of n copies of K which differ from each other through small per- 
turbations in the transversal direction. In the front projection, the n-copy 
consists of n copies of K, differing from each other by small shifts in the z 
direction. The 2-copy is also known as the double. 

Now suppose that the front of a tangle whose ends are identified to pro- 
duce L has 2n endpoints, and view this front as a Legendrian tangle in M 3 . 
Replace the front of the first component L\ of L by the n-copy of L\. Then 
choose a small segment of L\ which is oriented from left to right; excise the 
corresponding n pieces of the n-copy of Li, and replace them by the front 
tangle for L. See Figure [22] for an illustration. 

Definition 5.8. The resulting link S(L, L) C M 3 is the Legendrian satellite 
of L C I 3 and L C S 1 x M 2 . We give S(L,L) the orientation derived 
from the orientations on L (for the glued n-copy of L\) and on L (for the 
components of L besides L\). 
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Z (2) w 2k w w 2 

Figure 23. The solid-torus link L^ 2 \ and the solid-torus 
Whitehead knots W2k, k > 0, with Wo and W2 shown as 
examples. The box indicates 2k half-twists. 



Proposition 5.9. S(L,L) is a well-defined operation on Legendrian isotopy 
classes; that is, if we change L,L by Legendrian isotopies, then S(L,L) 
changes by a Legendrian isotopy as well. 

Proof. This is clear from the geometric definition of Legendrian satellites, 
but we can also establish it using the concrete front definition. We need to 
check that if we change one of L, L by one of the Reidemeister moves that 
generate Legendrian isotopy, then S(L, L) also changes by a Legendrian 
isotopy. (Note that there is an extra set of "Reidemeister moves" for links 
in J l {S l ), corresponding to pushing a crossing or cusp from one end of 
the diagram, across the dashed lines, to the other side.) This is an easy 
exercise. □ 

We now present some applications of Proposition 15.91 to knots and links 
on the solid torus. The simplest applications glue a solid-torus knot to the 
standard "flying saucer" unknot in M 3 . For instance, the top pair of knots in 
Figure El glued to the unknot, produce the Chekanov 52 knots in M 3 ; since 
the 52 knots are not Legendrian isotopic, neither are the solid-torus knots. 
Similarly, the middle pair in Figure TTH produce the 52 knots again, while the 
bottom pair produce a similar pair of 72 knots. In each case, Proposition ^. 91 
implies that the solid-torus knots are not Legendrian isotopic, recovering the 
results from Section 13 

Other results can be obtained by gluing to more complicated knots or links 
in M 3 . Consider the link L^ shown in Figure l23| we reprove the following 
result from |Trj . also already established in the present paper (Corollary I4.4j) 
using the solid-torus DGA. 

Proposition 5.10. Write iP^ = (L\,L<i). Then {Li.L^) is not Legendrian 
isotopic to (Z/2j L\). 

Proof. In |NgT| Prop. 4.11], it is proven that the double of the usual Legen- 
drian figure eight knot is not Legendrian isotopic to the double with com- 
ponents swapped. The result now follows from Proposition 15.91 □ 

Now consider the Whitehead knots Wik shown in Figure l23l Each Wik 
is topologically isotopic to its inverse (the same knot with the opposite 
orientation). By contrast, we can now show the following result. 
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Proposition 5.11. W<ik is not Legendrian isotopic to its inverse. 

Proof. Write —W2k for the inverse of W 7 ^, and let L be the double of the 
standard unknot in M 3 (see Figure l22|) . For k = 1, it is easy to check that 



S(L, W2) is precisely the oriented Whitehead link from Ngl §4.5], and that 
S(L, —W2) is the same link with one component reversed. Proposition 15.91 
and Ngl, Prop. 4.12] (which contains a typo; it should state that (Lq,Lj) 
and (Lq, —L?) are not Legendrian isotopic) then imply that W2 and — W2 
are not Legendrian isotopic. 

A calculation similar to the one in the proof of |Ngl[ Prop. 4.12], omitted 
here, shows that S(L, W2k) and S(L, — W^k) are not Legendrian isotopic for 
arbitrary k > 0. The result follows. □ 

The solid-torus DGA even when lifted to an algebra over Z[t,t _1 ] fails to 
distinguish between W^k and its inverse. Proposition 15.111 is thus a result 
about solid-torus knots whose only presently known proof is via Legendrian 
satellites. 
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